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Principal Nested Spheres (PNS; Jung et al. (2012)) is arguably the best analogue of Principal Compo-
nent Analysis (PCA) on the d-dimensional sphere Sd = {x ∈ Rd+1 : ∥x∥ = 1} and d ≥ 1. The sphere
Sd, or more generally the polysphere (Sd)r = Sd× r· · · ×Sd, appears naturally in a variety of fields
where one or r directions, in Rd+1 (usually R2 or R3), need to be analyzed. Some examples include
bioinformatics (e.g., protein or RNA structure), environmental sciences (e.g., sea currents), or medical
imaging (e.g., hippocampi shapes). Analyzing directions is not trivial due to its non-Euclidean support,
which dynamites classic statistical analyses, even the simplest ones (the average between the angles
2◦ and 358◦ is not 180◦). ‘Directional statistics’ is the branch of statistics that has been devoted to
proposing methods tailored for spherical-like supports (see Mardia & Jupp (1999), for an introduction)
and is within a current larger trend in statistics focused on the analysis of non-Euclidean data (Marron
& Dryden, 2021).

Figure 1: Sketch of principal nested spheres. Extracted from Jung et al. (2012).

PNS considers a sequence of nested subspheres (instead of planes, as PCA does), to perform dimension
reduction (see Figure 1). It has been successfully applied to various types of data, including the
statistical analysis of shapes based on skeletal representations known as ‘s-reps’ (Pizer et al., 2022).
s-reps belong to the space Rm × (S2)r and are convenient parametrizations of three-dimensional shapes.
They are constructed from a skeleton (red points in Figure 2b) and a series of spokes (green lines) that
determine the boundary of the object (blue surface). In particular, s-reps have been used to analyze
the shapes of samples of hippocampi (Figure 2a). Precisely, the analysis of s-reps can be done with
Composite PNS (CPNS; Pizer et al. (2012)) which roughly consists of (1) doing PNS on each of the
r S2; (2) making PCA on the vectors that concatenate the scores from each PNS on (1) and the data
on Rm. In this construction, (1) is performed upon the belief that PNS, which contains modes of
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variation given by subspheres, is an appropriate model. The present work is designed to precisely test
this assumption and to formally validate the adequacy of PNS and CPNS models in practice.

The objective of this thesis proposal is to formally test for the adequacy of (C)PNS. For that, we
will resort to a kernel density estimator-based statistic on (Sd)r that evaluates the distance between
the data and a suitable parametric model that induces a PNS-like variation on (Sd)r. Therefore, the
statistic will compare the kernel density estimator with a smooth parametric estimate according to a
given distance between both functions on (Sd)r. A parametric bootstrap resampling algorithm will be
proposed to yield usable p-values in practice. Simulations will be conducted to validate the testing
proposal. Finally, the developed test will be used to test the (C)PNS-adequacy for analyzing a dataset
comprised by n = 177 hippocampi (see Figure 2a).

(a) A dataset of 177 hippocampi.
(b) The s-rep construction.

Figure 2: Hippocampi and s-reps.
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